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We construct a simple model for describing the hadron-quark crossover transition by using lattice QCD
(LQCD) data in the 2+1 flavor system, and draw the phase diagram in the 2+1 and 2+1+1 flavor systems through
analyses of the equation of state (EoS) and the susceptibilities. In the present hadron-quark crossover (HQC)
model, the entropy density s is defined by s = fHsH + (1− fH)sQ with the hadron-production probability fH,
where sH is calculated by the hadron resonance gas model valid in low temperature (T ) and sQ is evaluated by
the independent quark model that explains LQCD data on the EoS in the region 400<˜T ≤ 500 MeV for the 2+1flavor systems and 400<˜ T ≤ 1000 MeV for the 2+1+1 flavor system. The fH is determined from LQCD dataon s and susceptibilities for the baryon-number (B), the isospin (I) and the hypercharge (Y ) in the 2+1flavor
system. The HQC model is successful in reproducing LQCD data on the EoS and the flavor susceptibilities χ(2)ff ′
for f, f =u, d, s in the 2+1+1 flavor system, without changing the fH. We define the hadron-quark transition
temperature with fH = 1/2. For the 2+1 flavor system, the transition line thus obtained is almost identical
in µB–T , µI–T , µY –T planes, when the chemical potentials µα (α = B, I, Y ) are smaller than 250 MeV.
This BIY approximate equivalence persists also in the 2+1+1 flavor system. We plot the phase diagram also
in µu–T , µd–T , µs–T , µc–T planes in order to investigate flavor dependence of transition lines. In the 2+1+1
flavor system, c quark does not affect the 2+1 flavor subsystem composed of u, d, s. The flavor off-diagonal sus-
ceptibilities are good indicators to see how hadrons survive as T increases, since the independent quark model
hardly contributes to them. T dependence of the off-diagonal susceptibilities and the fH show that the transition
region at µα = 0 is 170<˜ T <˜ 400 MeV for both the 2+1 and 2+1+1 flavor systems.
PACS numbers: 12.40.-y
I. INTRODUCTION
Lattice QCD (LQCD) is the first-principle calculation of
QCD, and has been providing a lot of information on hot
QCD. Recently, the continuum and thermodynamic limits
were taken in 2+1 flavor LQCD simulations [1], and it was
confirmed that the chiral and deconfinement transitions are
crossover at zero chemical potential.
As an approach alternative to LQCD simulations, we can
consider effective models. This approach is useful for the
physical interpretation of LQCD data and the prediction of
physical quantities that are difficult to calculate in LQCD sim-
ulations. Recently, the Polyakov-loop extended Nambu-Jona-
Lasinio (PNJL) type models have been used extensively, since
they can treat both the chiral and the deconfinement transi-
tions [2–14]. In the PNJL-type models, the pseudocritical
temperature of the deconfinement transition is almost equal
to or lower than that of the chiral transition. For the 2 flavor
system, the PNJL-type models well explain LQCD data [11–
14], since the two transitions take place almost simultaneously
in LQCD simulations. For the 2+1 flavor system, however,
LQCD shows that the chiral-transition temperature is consid-
erably lower than the deconfinement-transition one [1, 15].
For this reason, it is not easy for the PNJL-type models to ex-
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plain the chiral and deconfinement transitions simultaneously.
It is thus important to construct a reasonable effective model
for the 2+1 flavor system.
Now our discussion moves to the 2+1 flavor system com-
posed of up (u), down (d), strange (s) quarks. For low tem-
perature (T ), the hadron resonance gas (HRG) model repro-
duces LQCD data on the equation of state (EoS) and the
baryon-number (B) susceptibility [16–18]. In addition, below
the chiral-transition temperature, the absolute value of chiral
condensate is explained by HRG+chiral perturbation theory
(χPT) [19]. Recently, it was reported that the HRG model also
accounts for LQCD data on T dependence of the Polyakov
loop [20]. These results suggest that the hadron degree of
freedom is important in QCD phase transitions, although it is
not treated explicitly in the PNJL-type models.
Recently, the EoS, the baryon-number susceptibilities χ(n)B
(n = 2 ∼ 4) and the isospin (I) susceptibility χ(2)I
were well described by hadron-quark hybrid models [21,
22]. This model also reproduces qualitatively that the
chiral-transition temperature is lower than the deconfinement-
transition one [22]. In the hadron-quark hybrid model of
Ref. [21], the pressure P is defined by
P = f(T, {µα})PH(T, {µα})
+ [1− f(T, {µα})]PQ(T, {µα}), (1)
where the µα are the chemical potentials of quantum num-
bers α = B, I and hypercharge Y . The hadron piece PH
is calculated by the HRG model with the excluded volume
and the quark-gluon piece PQ is evaluated with perturbative
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2QCD [21]. Here, the fraction factor f(T, {µα}) is determined
so as to reproduce LQCD data on P and the interaction mea-
sure. The other thermal quantities are obtainable from P .
Alternatively, one can start with the entropy density
s = fH(T, {µα})sH(T, {µα})
+ [1− fH(T, {µα})] sQ(T, {µα}) (2)
and calculate the other thermal quantities from s [23]. As an
advantage of this approach, T dependence of s cannot be free.
In fact, the T dependence should satisfy the thermodynamic
inequality and the Nernst’s theorem [24]:
∂s(T, {µα})
∂T
∣∣∣∣
{µα}=0
> 0, s(T, {µα})|T={µα}=0 = 0. (3)
In this paper, this condition is automatically satisfied, since
we use LQCD data as s. In Eq. (2), the factor fH means the
hadron-production probability. When fH(T, {µα}) = 1 (0),
the system is in the hadron (quark) phase composed of hadron
(quark-gluon) matter only. In principle, the factor fH is deter-
minable from LQCD data on s, if sH and sQ are given. The
hadron-quark hybrid model of Ref. [22] takes Eq. (2), and the
hadron piece sH is obtained by the HRG model and the quark-
gluon piece sQ is by the simple quark model in which an
adjustable parameter is introduced so as to reproduce LQCD
data [25] on s(T, 0) at T = 300 MeV. The quark model is a
simplified version of PNJL model: Namely, this model takes
account of the coupling between the quark field and the ho-
mogeneous classical gauge field, but does not treat the quark-
quark couplings that are expected to be not important above
the chiral- and deconfinement-transition temperatures. We re-
fer to the simple model as ”independent quark (IQ) model”
and the hadron-quark hybrid model of Ref. [22] as ”hadron-
quark crossover (HQC) model” in this paper.
Lately, state-of-art LQCD data on the EoS and the flavor di-
agonal and off-diagonal susceptibilities, χff ′ , became avail-
able for the 2+1+1 flavor system [25, 26] in addition to the
case of the 2+1 flavor system [25, 27], where f=u, d, s for
the 2+1 system and f=u, d, s, charm (c) for the 2+1+1 flavor
system. It is an interesting question how c quark behaves in
the 2+1+1 flavor system.
When the current quark mass m is infinity, Z3 symmetry
is exact and the Polyakov loop is an order parameter of the
spontaneous Z3 symmetry breaking. Dynamical quark with
finite m breaks Z3 symmetry explicitly through the temporal
boundary condition for quark. For the 2+1 and 2+1+1 flavor
systems, it is not clear that the Polyakov loop is still a good
order parameter of the confinement-deconfinement (hadron-
quark) transition. As a reasonable assumption, we define the
hadron-quark transition temperature by the condition fH =
1/2. Another interesting question is how the phase diagram
is in µB–T , µI–T , µY –T planes and also in µu–T , µd–T ,
µs–T , µc–T planes, where µf (f =u, d, s, c) is the chemical
potential for f quark.
In this paper, we reconstruct the HQC model by using new
LQCD data [25, 27] in the 2+1 flavor system, and draw the
phase diagram in the 2+1 and 2+1+1 flavor systems through
analyses of the equation of state (EoS) and the susceptibilities.
In the previous work of Ref. [22], the IQ model had the
momentum cutoff ΛT in the thermal quark-loop term of PQ.
The cutoff ΛT was introduced as an adjustable parameter to
reproduce LQCD data [28] on s at T = 300 MeV, where the
data were available in T ≤ 400 MeV. Recently, however, we
found that the IQ model begins to underestimate new LQCD
data [25] as T increases from 400 MeV; here, LQCD data on
s were deduced from new LQCD data [25] on P by differen-
tiating P with respect to T and thereby LQCD data on s be-
came available in T ≤ 500 MeV. We then reformulate the IQ
model slightly so that the model can explain the new data in
400<˜ T ≤ 500 MeV where the data is consistent with NNLOhard thermal loop (HTL) perturbation [29].
In the HQC model, fH(T, {µα}) is determined from LQCD
data on s, the baryon-number susceptibility χ(2)B , the isospin
susceptibility χ(2)I and the hypercharge (Y ) susceptibility χ
(2)
Y
in the 2+1 flavor system, where α = B, I, Y . The HQC model
with the fH(T, {µα}) automatically reproduces LQCD data
on the EoS and the χ(2)ff ′ in the 2+1 flavor system. In partic-
ular, the off-diagonal susceptibilities χ(2)ff ′ (f 6= f ′) are good
indicators to see how hadrons survive as T increases, since the
IQ model hardly contributes to the off-diagonal susceptibili-
ties [30]. In practice, the upper limit of the transition region
is clearly determined by the off-diagonal susceptibilities. We
then determine the transition region for the 2+1 flavor system
with zero chemical potential from T dependence of fH(T, 0)
and the off-diagonal susceptibilities.
Next, we draw the phase diagram in µB–T , µI–T , µY –
T planes. The transition lines are almost identical in these
planes, when µα < 250 MeV. This property is referred to as
”BIY approximate equivalence” in this paper. What is the
nature of BIY approximate equivalence? This is discussed.
We also plot the phase diagram in µu–T , µd–T , µs–T planes
to see flavor dependence of hadron-quark transition lines.
The HQC model is applied to the EoS and the χff ′ in the
2+1+1 flavor system without changing the fH(T, {µα}). The
HQC model succeeds in reproducing LQCD data on the EoS
and the χ(2)ff ′ for f, f
′ =u, d, s, and explains χ(2)cc qualitatively.
We then determine the transition region for the 2+1+1 flavor
system with zero chemical potential from T dependence of
fH(T, 0) and the off-diagonal susceptibilities, and investigate
the role of c quark in the 2+1+1 flavor system.
Finally, we draw the phase diagram in µB–T , µI–T , µY –T ,
µY –T planes to see whether BIY approximate equivalence
persists in the 2+1+1 flavor system, and plot the diagram in
µu–T , µd–T , µs–T , µc–T planes to investigate flavor depen-
dence of hadron-quark transition lines.
This paper is organized as follows. In Sec. II, we recapit-
ulate the HRG model and reformulate the IQ model without
the cutoff ΛT. We review the HQC model. Numerical results
are shown in Sec III. Section IV is devoted to summary.
II. MODEL BUILDING
We reformulate the hadron-quark crossover (HQC) model
of Ref. [22]. This model consists of the hadron resonance gas
3(HRG) model reliable for small T and the independent quark
(IQ) model reasonable for large T .
For later convenience, we define several kinds of chemical
potentials. For the 2+1 flavor system, we represent the chem-
ical potentials of u, d, s quarks by µu, µd and µs, respectively.
These potentials are related to the baryon-number (B) chemi-
cal potential µB , the isospin (I) chemical potential µI and the
hypercharge (Y ) chemical potential µY as
µB = µu + µd + µs,
µI = µu − µd,
µY =
1
2 (µu + µd − 2µs)
(4)
for the 2+1 flavor system. As for µI and µY , the right-
hand side of Eq. (4) stems from the diagonal elements of
the matrix representation of Cartan algebra in the special uni-
tary group SU(3); namely, µI = (1,−1, 0)(µu, µd, µs)t and
µY = (1/2)(1, 1,−2)(µu, µd, µs)t. Equation (4) gives
µu =
1
3µB +
1
2µI +
1
3µY ,
µd =
1
3µB − 12µI + 13µY ,
µs =
1
3µB − 23µY .
(5)
The coefficients on the right-hand side of Eq. (5) correspond
to the quantum numbers of u, d, s quarks. In this sense, the
definition (4) is natural.
Also in the 2+1+1 flavor system, we can define the follow-
ing relations by using Cartan algebra in the special unitary
group SU(4) for µI , µY and µYc :
µB =
3
4 (µu + µd + µs + µc),
µI = µu − µd,
µY =
1
2 (µu + µd − 2µs),
µYc =
1
3 (µu + µd + µs − 3µc),
(6)
where the quantum number Yc has been defined by Yc =
(3/4)B − C with charmness C. Equation (6) leads to
µu =
1
3µB +
1
2µI +
1
3µY +
1
4µYc ,
µd =
1
3µB − 12µI + 13µY + 14µYc ,
µs =
1
3µB − 23µY + 14µYc ,
µc =
1
3µB − 34µYc .
(7)
This final form is also natural, since the coefficients on the
right-hand side of Eq. (7) are the quantum numbers of u, d, s,
c quarks. Equation (6) is thus a natural extension of Eq. (4).
A. Hadron resonance gas model
For the hadron phase at low T , we use the HRG model.
In the HRG model, the thermodynamic potential density ΩH
is described by free hadron gases. For convenience, ΩH is
divided into the baryonic piece ΩB and the mesonic one ΩM:
ΩH = ΩB + ΩM (8)
with
ΩB = −
∑
i∈Baryon
dB,iT
∫
d3p
(2pi)3
{
log(1 + e−(EB,i−µB,i)/T )
+ log(1 + e−(EB,i+µB,i)/T )
}
(9)
and
ΩM =
∑
j∈Meson
dM,jT
∫
d3p
(2pi)3
{
log(1− e−(EM,j−µM,j)/T )
+ log(1− e−(EM,j+µM,j)/T )}
(10)
for EB,i =
√
p2 +mB,i2 and EM,j =
√
p2 +mM,j2. Here,
mB,i (mM,j) and µB,i (µM,j) is the mass and the chemical
potential of the i-th baryon (j-th meson), respectively. In Eqs.
(9) and (10), all the hadrons listed in the Particle Data Table
[31] are taken; note that hadrons composed of u, d, s (u, d,
s, c) quarks are picked up for the 2+1 (2+1+1) flavor system.
The pressure PH and the entropy density sH are obtained from
ΩH as
PH = PB + PM; PB = −ΩB, PM = −ΩM, (11)
sH = sB + sM; sB =
∂PB
∂T
, sM =
∂PM
∂T
. (12)
Figure 1 shows the entropy density s and the pressure P
as a function of T for the 2+1 flavor system with zero chem-
ical potential. The HRG model (dotted line) well reproduces
LQCD data [25, 28] in T <˜ 170 MeV for s and T <˜ 190 MeVfor P . The hadron phase is thus realized in T <˜ 170 MeV.Figure 2 is the same as Fig. 1, but for 2+1+1 flavor sys-
tem with zero chemical potential. The HRG model well ex-
plains LQCD data [25] in T <˜ 190 MeV for the pressure andT <˜ 170 MeV for the entropy density. We find from Fig. 2 thatthe hadron phase is realized in T <˜ 170 MeV.
B. Independent quark model
Next, we consider the quark phase that may appear in
the region T ≈ 400 MeV where LQCD data is consis-
tent with NNLO HTL perturbation [29]. As shown later in
Fig. 3, the entropy density calculated with LQCD simula-
tions is about 80% of the Stefan-Boltzmann limit value even
at T = 500 MeV. This means that the massless ideal-gas
(massless-free-particle) model does not work. For this reason,
we consider the PNJL model without any quark-quark direct
interactions, since the interactions are expected to be not im-
portant above the hadron-quark transition temperature. In the
model, quarks interact with the gluon field Aµ by the gauge
coupling g, but the spatial parts Ai (i = 1, 2, 3) are neglected
and only the temporal part A0 is treated as a stationary and
uniform background field. In this sense, we call this model
“independent quark (IQ) model”.
As the gluonic action, we take the Polyakov-loop potential
U used in the PNJL model. The Lagrangian density of this
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Fig. 1: T dependence of (a) the entropy density s and (b) the pressure
P in the 2+1 flavor system with zero chemical potential. The dotted
line means the result of the HRG model. LQCD data are taken from
Refs. [25, 28]. In Ref. [25], LQCD data are available for P but not
for s. The entropy density s is then evaluated by differentiating P
with respect to T .
model is
LQ =
∑
f
{q¯f (iγµDµ −mf )qf} − U(T, Φ, Φ¯), (13)
where mf is the current mass of f quark and Dµ = ∂µ −
igAaµ
λa
2 δ
µ0 with the Gell-Mann matrix λa in color space. In
Eq. (13), the qf mean u, d, s quark fields for the 2+1 flavor
system and u, d, s, c quark fields for the 2+1+1 flavor system.
See Ref. [22] for the definition of the Polyakov-loop Φ and its
conjugate Φ¯.
Making the path integral over quark fields, the Lagrangian
(13) yields the thermodynamic potential density,
ΩQ = U(T, Φ, Φ¯)
−2
∑
f
[∫
|p|≤ΛT
d3p
(2pi)3
(T log z+f + T log z
−
f )
]
(14)
for the quark matter. The functions z+f and z
−
f are defined by
z+f = 1 + 3Φ¯e
−(Ef+µf )/T + 3Φe−2(Ef+µf )/T
+e−3(Ef+µf )/T , (15)
z−f = 1 + 3Φe
−(Ef−µf )/T + 3Φ¯e−2(Ef−µf )/T
+e−3(Ef−µf )/T (16)
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Fig. 2: T dependence of (a) the entropy density s and (b) the pres-
sure P in the 2+1+1 flavor system with zero chemical potential. The
dotted line means the result of the HRG model. In Ref. [25], LQCD
data are available for P but not for s. The entropy density s is then
evaluated by differentiating P with respect to T .
with Ef =
√
p2 +m2f . In Eq. (14), the vacuum term has
been omitted, since the pressure calculated with LQCD sim-
ulations does not include the term. The pressure PQ and the
entropy density sQ are obtained from ΩQ as
PQ = −ΩQ, (17)
sQ =
∂PQ
∂T
. (18)
We take the Polyakov-loop potential of Ref. [7]:
U(T, Φ, Φ¯)
T 4
= −a(T )
2
ΦΦ¯
+b(T ) log{1− 6ΦΦ¯+ 4(Φ3 + Φ¯3)− 3(ΦΦ¯)2}; (19)
a(T ) = a0 + a1
(
T0
T
)
+ a2
(
T0
T
)2
, (20)
b(T ) = b3
(
T0
T
)3
. (21)
In Ref. [7], the parameters a0, a1, a2, b3 and T0 were fitted
to LQCD data on the EoS in the pure gauge theory. In high
T , the potential is dominated by the a0 term. For this reason,
the value of a0/2 is set to the Stefan-Boltzmann limit value
(a0 = 3.51) in the pure gauge theory, but the U thus obtained
overestimates new LQCD data [32] in 400 <˜ T <˜ 500 MeV.
5In the 2+1 flavor system with dynamical quarks, furthermore,
the quarks may change the Polyakov-loop potential. In fact,
even at high T such as T = 500 MeV, the pressure P cal-
culated with LQCD simulations [25] is about 80 % of the
Stefan-Boltzmann limit value in 2+1 flavor system; see for
example Fig. 3. The entropy density, obtained by differenti-
ating P with respect to T , also has the same property. This
point is discussed below.
In our previous work of Ref. [22] for the 2+1 flavor sys-
tem, the momentum cutoff ΛT in the thermal quark-loop
term of ΩQ was determined to reproduce LQCD data [28]
on s at T = 300 MeV, where the data were available in
T ≤ 400 MeV. However, we found that the model result
with the resulting value ΛT = 1.95 GeV begins to under-
estimate new LQCD data [25] as T increases from 400 MeV;
here, we have evaluated the LQCD data on s from new data
[25] on P measured in T ≤ 500 MeV by differentiating
P with respect to T . For this reason, we do not introduce
ΛT in this paper: Namely, ΛT = ∞. As mentioned above,
in the 2+1 flavor system, the entropy density s calculated
with LQCD simulations underestimates the Stefan-Boltzmann
limit value by about 20 % even at T = 500 MeV. We then
change the parameter a0 so that the model result can repro-
duce the LQCD data at T = 400 MeV. The resulting value is
a0 = 0.7× 3.51 = 2.457; see Table I for the values of param-
eters in U . The model result with a0 = 2.457 well explains
LQCD data on s in 400 <˜ T ≤ 500 MeV, as shown below.For the 2+1+1 flavor system, we keep a0 = 2.457 to hold the
simplicity of model.
a0 a1 a2 b3 T0
2.457 -2.47 15.2 -1.75 270[MeV]
TABLE I: Parameters in the Polyakov-loop potential.
Figure 3 shows the entropy density s and the pressure P as
a function of T for the 2+1 flavor system with zero chemical
potential. LQCD data are taken from Ref. [25] with large lat-
tice. For the data, the entropy densities s have been obtained
by differentiating P with respect to T . LQCD data are smaller
than the result of the ideal-gas model (the Stefan-Boltzmann
limit; dotted line) by about 20% even at T = 500 MeV. The IQ
model with the original value a0 = 3.51 (dashed line) under-
estimates the Stefan-Boltzmann limit by about 10 % at T =
500 MeV. Meanwhile, the model with a0 = 2.457 (solid line)
well explains LQCD data in the region 400 <˜ T ≤ 500 MeV.Thus, the quark phase may be realized in T >˜ 400 MeV. Thelower limit of the quark phase is determinable clearly with T
dependence of χ(2)ff ′ (f 6= f ′). This analysis will be made later
in Sec. III.
Figure 4 shows the entropy density s and the pressure P as a
function of T for the 2+1+1 flavor system with zero chemical
potential. LQCD calculations were done for P in Ref. [25].
The entropy density s is evaluated from the data by differ-
entiating P with respect to T . LQCD data are about 80%
of the result of the ideal-gas model (the Stefan-Boltzmann
limit; dotted line) at T = 1000 MeV. The IQ model with the
original value a0 = 3.51 (dashed line) reaches about 90%
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Fig. 3: T dependence of (a) the entropy density s and (b) the pres-
sure P for the 2+1 flavor system with zero chemical potential. The
dotted line is the result of the ideal-gas model (the Stefan-Boltzmann
limit), the dashed line denotes the IQ model with the original value
a0 = 3.51, and the solid line corresponds to the IQ model with
a0 = 2.457. LQCD data of Ref. [25] are denoted by dots.
of the Stefan-Boltzmann limit value at T = 1000 MeV. The
model with a0 = 2.457 (solid line) reproduces LQCD data
in 400 <˜ T ≤ 1000 MeV pretty well. Thus, the quark phasemay be realized in T >˜ 400 MeV also for the 2+1+1 flavorsystem. The lower limit of the quark phase can be determined
precisely with T dependence of χ(2)ff ′ (f 6= f ′). This analysis
is also made in Sec. III.
C. Quark-hadron crossover model
Now we consider the HQC model defined by Eq. (2)
in which sH(T, {µα}) is calculated by the HRG model of
Sec. II A and sQ(T, {µα}) is by the IQ model of Sec. II B,
where {µα} means {µB , µI , µY } for the 2+1 flavor system
and {µB , µI , µY , µYc} for the 2+1+1 flavor system. This
model is a natural extension of the model of Ref. [23] in which
quarks and gluons are treated as ideal gases. The function
fH(T, {µα}) means the hadron-production probability. When
fH(T, {µα}) = 1 (0), the system consists of hadron matter
(quark gluon matter) only, i.e., the system becomes the mixed
phase in 0 < fH(T, {µα}) < 1.
In this paper, we consider P (T ) and s(T ) as the EoS and
several kinds of second-order susceptibilities for the 2+1 and
2+1+1 flavor systems with zero chemical potential.
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Fig. 4: T dependence of (a) the entropy density s and (b) the pressure
P for the 2+1+1 flavor system with zero chemical potential. See
Fig. 3 for the definition of lines. LQCD data (dots) are taken from
Ref. [25]; see the text for further explanation.
1. 2+1 flavor system
We recapitulate the formalism of Ref. [22]. For the 2+1 fla-
vor system, the fH(T, {µα}) is expanded into a power series
of {µα} and is taken up to the second order:
fH(T, {µα}) = f (0)H (T ) + f (2)H,B(T )
(
µB
Tc
)2
+f
(2)
H,I(T )
(
µI
Tc
)2
+ f
(2)
H,Y (T )
(
µY
Tc
)2
+f
(2)
H,BY (T )
(
µB
Tc
)(
µY
Tc
)
.
(22)
where Tc = 170 MeV [19, 33] is the hadron-quark tran-
sition temperature defined with the Polyakov loop. The
form of Eq. (22) comes from two properties; (i) s is in-
variant under charge conjugation, i.e., the transformation
(µB , µI , µY ) → (−µB ,−µI ,−µY ), and (ii) the system is
also invariant under the interchange µu ↔ µd, i.e., the trans-
formation (µB , µI , µY ) → (µB ,−µI , µY ). For µB = µI =
µY = 0, Eq. (2) reduces to
s(T ) = f
(0)
H (T )sH(T ) + {1− f (0)H (T )}sQ(T ). (23)
The pressure P with no vacuum contribution is obtainable
from s as
P (T, {µα})
=
∫ T
0
dT ′s(T ′, {µα})
=
∫ T
0
dT ′sQ +
∫ T
0
dT ′fH (sH − sQ)
= PQ(T, {µα}) +
∫ T
0
dT ′fH (sH − sQ) . (24)
The second-order diagonal susceptibility χ(2)α of quantum
numbers α = B, I, Y is obtained as the second derivative of
P with respect to the chemical potential µα:
χ(2)α (T, {µα}))
=
∂2
∂µ2α
P (T, {µα})
=
∂2
∂µ2α
PQ(T, {µα}) +
∫ T
0
dT ′
[
∂2fH
∂µ2α
(sH − sQ)
+2
∂fH
∂µα
∂(sH − sQ)
∂µα
+ fH
∂2(sH − sQ)
∂µ2α
]
. (25)
Particularly at µB = µI = µY = 0, it becomes
χ(2)α (T )
=
∂2
∂µ2α
PQ(T, {µα})|{µα}=0
+
∫ T
0
dT ′
[
2f
(2)
H,α(sH − sQ) + f (0)H
∂2(sH − sQ)
∂µ2α
]
.
(26)
Similarly, the BY correlation susceptibility is
χ
(2)
BY (T, {µα})
=
∂2
∂µB∂µY
P (T, {µα})
=
∂2
∂µB∂µY
PQ(T, {µα}) +
∫ T
0
dT ′
[
∂2fH
∂µB∂µY
(sH − sQ)
+
∂fH
∂µB
∂(sH − sQ)
∂µY
+
∂fH
∂µY
∂(sH − sQ)
∂µB
+fH
∂2(sH − sQ)
∂µB∂µY
]
(27)
for finite {µα} and
χ
(2)
BY (T )
=
∂2
∂µB∂µY
PQ(T, {µα})|{µα}=0
+
∫ T
0
dT ′
[
f
(2)
H,BY (sH − sQ) + f (0)H
∂2(sH − sQ)
∂µB∂µY
]
(28)
7for {µα} = 0.
Using Eqs. (23), (26), (28), one can determine f (0)H , f
(2)
H,α,
f
(2)
H,BY from LQCD data on s, χ
(2)
α , χ
(2)
BY at {µα} = 0, re-
spectively: Namely,
f
(0)
H =
sLQCD − sQ
sH − sQ (29)
and
f
(2)
H,γ =
1
w(sH − sQ)
[
∂χ
(2),LQCD
γ
∂T
− ∂χ
(2),Q
γ
∂T
−f (0)H
(
∂χ
(2),H
γ
∂T
− ∂χ
(2),Q
γ
∂T
)]
(30)
for γ = α,BY , where the superscript “LQCD” means LQCD
data, w = 2 for γ = α and w = 1 for γ = BY , and
χ(2),Qα =
∂2PQ
∂µ2α
∣∣∣∣
{µα}=0
, χ
(2),Q
BY =
∂2PQ
∂µB∂µY
∣∣∣∣
{µα}=0
. (31)
Figure 5 shows the f (0)H (dots with error bars) deduced
from LQCD data [25] on s by using Eq. (29). We make
the cubic spline interpolation for the mean values of data
in order to obtain the smooth function that passes through
the mean values. Here, the mean values have been taken in
175 ≤ T ≤ 400 MeV where the mean values are smaller
than 1, and have been set to 0 in T > 400 MeV where the
mean values are quite small. In T ≤ 170 MeV, LQCD data
have large error bars and the mean values are not so reli-
able; in fact, the mean values are accidentally larger than 1
in 140 < T ≤ 170 MeV. For this reason, we have replaced
the mean values by 1 in T ≤ 150 MeV and have neglected the
mean values in 150 < T ≤ 170 MeV. The smooth function
thus obtained (solid line) is consistent with LQCD data; note
that the function is very close to 1 in 150 < T ≤ 170 MeV.
Figure 5 indicates that the mixed phase appears in a region
170 <˜ T <˜ 400 MeV for the case of zero chemical potential.Here, it should be noted that in Eq. (2) the hadron piece fHsH
contributes to s up to 400 MeV since sH increases rapidly as
T increases. The upper limit of the phase transition can be de-
termined clearly from the off-diagonal susceptibilities. This
will be shown later in Sec. III A.
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Fig. 5: T dependence of f (0)H (T ). The solid line is the smooth func-
tion obtained with the cubic spline interpolation. LQCD data on f (0)H
(dots) are deduced from those [25] on s by using Eq. (23).
Figure 6 shows s(T ) and P (T ) as a function of T in the
case of zero chemical potential. The HQC model with the
f
(0)
H (T ) determined above should reproduce LQCD data au-
tomatically. This is satisfied, as shown by the solid line.
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Fig. 6: T dependence of the entropy density s and the pressure P
calculated by the HQC model for the 2+1 flavor system with zero
chemical potential. The solid line is the HQC result based on the
f
(0)
H (T ) determined in Fig. 5. The dotted line stands for the result
of the HRG model, the dashed line corresponds to that of the IQ
model. In Ref. [25], LQCD data are available for P but not for s.
The entropy density s is then evaluated by differentiating P with
respect to T .
We take the same procedure for f (2)H,γ(T ), where γ =
8B, I, Y,BY . Namely, the f (2)H,γ(T ) are deduced from LQCD
data [25] on χ(2)γ (T ) by using Eq. (30), and the cubic spline
interpolation is made for the mean values of the f (2)H,γ(T ).
Here we have simply assumed f (2)H,γ(T ) = 0 in T ≤ 127 MeV
where LQCD data are not available. The resulting smooth
lines are plotted in Fig. 7. All the f (2)H,γ(T ) are orderO(10−1).
In order to confirm the accuracy of the cubic spline interpola-
tion, we compare the original LQCD data on χ(2)γ (T ) with the
corresponding HQC result (solid line) in Fig. 8. As expected,
good agreement is seen between them. Again, the HRG model
(dotted line) reproduces the LQCD data in T <˜170 MeV, whilethe IQ model well explains the data around T = 400 MeV.
One can see from Fig. 7 that the f (2)H,γ(T ) satisfy
f
(2)
H,B(T ) ≈ f (2)H,Y (T ) ≈
3
4
f
(2)
H,I(T ) ≈
3
4
f
(2)
H,BY (T ) (32)
around T = 200 MeV. The f (2)H,γ(T ) are thus close to each
other around T = 200 MeV. This property plays an important
role when we draw the QCD phase diagram in µB–T , µI–T
µY –T planes. This will be discussed later in Sec. III A
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Fig. 7: Results of the cubic spline interpolation for T dependence
of f (2)H,γ that are deduced from LQCD data [25] on χ
(2)
γ by using
Eq. (30). The results are plotted by the solid line for f (2)H,B , the dashed
line for f (2)H,I , the dotted line for f
(2)
H,Y , and the dot-dashed line for
f
(2)
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Throughout the analyses mentioned above, we have suc-
ceeded in determining fH(T, {µα}). The fH can be described
by µf (f=u, d, s) by using Eq. (4):
fH(T, {µα})
= f
(0)
H (T ) +
∑
f,f ′∈u,d,s
f
(2)
H,ff ′(T )
(
µf
Tc
)(
µf ′
Tc
)
(33)
with
f
(2)
H,uu(T ) = f
(2)
H,B(T ) + f
(2)
H,I(T )
+
1
4
f
(2)
H,Y (T ) +
1
2
f
(2)
H,BY (T ), (34)
f
(2)
H,ss(T ) = f
(2)
H,B(T ) + f
(2)
H,Y (T )− f (2)H,BY (T ), (35)
f
(2)
H,ud(T ) = 2f
(2)
H,B(T )− 2f (2)H,I(T )
+
1
2
f
(2)
H,Y (T ) + f
(2)
H,BY (T ), (36)
f
(2)
H,us(T ) = 2f
(2)
H,B(T )− f (2)H,Y (T )−
1
2
f
(2)
H,BY (T ); (37)
note that f (2)H,uu(T ) = f
(2)
H,dd(T ), f
(2)
H,ud(T ) = f
(2)
H,du(T ) and
f
(2)
H,us(T ) = f
(2)
H,ds(T ).
Figure 9 shows T dependence of the f (2)H,ff ′ that are derived
from the f (2)H,γ by using Eqs. (34)–(37). We can see from this
figure that
f
(2)
H,uu(T ) ≈ 2.5f (2)H,ud(T ) ≈ 4f (2)H,ss(T ) ≈ 10f (2)H,us(T ) (38)
around T = 200 MeV. Thus, the s-quark contribution is small
in the f (2)H,ff ′ and also in the f
(2)
H,γ . This property induces the
approximate relation f (2)H,B(T ) ≈ f (2)H,Y (T ) shown in Eq. (32),
since
f
(2)
H,B(T )− f (2)H,Y (T ) =
1
9
[
− 3f (2)H,ss(T ) + 6f (2)H,us(T )
]
≈ 0.
(39)
-0.3
-0.2
-0.1
 0
 0.1
 0.2
 100  150  200  250  300  350  400
f
(2)
H
T [MeV]
f
(2)
H,uu  
f
(2)
H,ss
f
(2)
H,ud
f
(2)
H,us
Fig. 9: T dependence of f (2)H,ff ′ derived from f
(2)
H,γ . The results
are plotted by the solid line for f (2)H,uu, the dashed line for f
(2)
H,ss, the
dotted line for f (2)H,ud, and the dot-dashed line for f
(2)
H,us.
The flavor diagonal and off-diagonal susceptibilities
χ
(2)
ff ′(T, {µα}) are obtained from P of Eq. (24) by using
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Fig. 8: T dependence of the baryon-number B and the isospin I , the hypercharge Y and the BY correlation susceptibility for the 2+1 flavor
system with zero chemical potential. The HQC result is drawn by the solid line. The dotted line stands for the result of the HRG model, the
dashed line corresponds to that of the IQ model. LQCD date (dots) are taken from Ref [25].
Eq. (33) as fH:
χ
(2)
ff ′(T, {µα})
=
∂2
∂µf∂µf ′
PQ(T, {µα})
+
∫ T
0
dT ′
[
∂2fH
∂µf∂µf ′
(sH − sQ) + ∂fH
∂µf
∂(sH − sQ)
∂µf ′
+
∂fH
∂µf ′
∂(sH − sQ)
∂µf
+ fH
∂2(sH − sQ)
∂µf∂µf ′
]
(40)
for finite {µα} and
χ
(2)
ff ′(T )
= χ
(2),Q
ff ′ (T, {µα})|{µα}=0
+
∫ T
0
dT ′
[
wf
(2)
H,ff ′(sH − sQ) + f (0)H
∂2(sH − sQ)
∂µf∂µf ′
]
(41)
for {µα} = 0, where w = 2 for f = f ′ and 1 for f 6= f ′. It is
known that the off-diagonal flavor susceptibilities χ(2),Qff ′ (T )
of the PNJL-type model are negligibly small [30]. Hence, for
simplicity of calculation, we put χ(2),Qff ′ (T ) = 0 for f 6= f ′.
2. 2+1+1 flavor system
Also for the 2+1+1 flavor system, the hadron-production
probability can be described by
f2+1+1H (T, {µα})
= f
2+1+1,(0)
H (T )
+
∑
f,f ′∈u,d,s,c
f
2+1+1,(2)
H,ff ′ (T )
(
µf
Tc
)(
µf ′
Tc
)
. (42)
In order to keep the simplicity of our model, however, we as-
sume that the fH of Eq. (33) is applicable for the 2+1 flavor
subsystem of the 2+1+1 flavor system, and that f2+1+1,(2)H,cf =
0 for f = u, d, s, c. In this case, the HQC model has no ad-
justable parameter for the 2+1+1 flavor system. This assump-
tion is justified later in Sec. III B. The procedure for obtaining
the EoS and the flavor diagonal and off-diagonal susceptibil-
ities is the same as in the 2+1 flavor system. Hereafter, we
neglect the superscript “2+1+1” in f2+1+1H , when it does not
induce any confusion.
III. NUMERICAL RESULTS
A. 2+1 flavor system
In general, the pseudocritical temperature T (O)c of hadron-
quark (confinement-deconfinement) crossover depends on ob-
servable O considered. The definition commonly used is the
peak in the T derivative of the Polyakov loop Φ. Figure 10
10
shows T dependence of the Polyakov loop Φ. In the HQC
model, Φ is calculated by the IQ model. LQCD data are avail-
able for the 2+1 flavor system [19, 33]. Our model (solid
line) reproduces the LQCD data pretty well. The pseudocrit-
ical temperature T (Φ)c = 201 MeV of our model is somewhat
larger than LQCD result T (Φ),LQCDc = 170 ± 7 MeV. The
model result (dashed line) for the 2+1+1 flavor system is very
close to that (solid line) for the 2+1 flavor system. This in-
dicates that c quark hardly affects the hadron-quark transi-
tion. In practice, this supports that the fH(T, {µα}) deter-
mined from the 2+1 flavor LQCD data is applicable for the
2+1+1 flavor system, if we do not mind χ(2)H,cf (f =u, d, s, c).
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Fig. 10: T dependence of the Polyakov loop Φ in the 2+1 and 2+1+1
flavor systems with zero chemical potential. LQCD data are avail-
able for the 2+1 flavor system [19, 33]. The solid and dashed lines
are results of our model for the 2+1 and 2+1+1 flavor systems, re-
spectively.
As an alternative to T (Φ)c , we may consider fH(T, {µα}) =
1/2 as a definition of Tc. Our result is T
(fH)
c = 207 MeV
for {µα} = 0 and somewhat larger than the LQCD result
T
(Φ)
c = 170± 7 MeV [19, 33].
Figure 11 shows the QCD phase diagram in µB–T , µI–T ,
µY –T planes. The symbol Tc(µα) denotes the pseudocriti-
cal temperature of the hadron-quark transition in µα–T plane,
where the pseudocritical temperature is defined by fH = 1/2.
In virtue of Eq. (32), the three transition lines almost agree
with each other. Thus, the relation
Tc(µB) ≈ Tc(µI) ≈ Tc(µY ) (43)
is satisfied in µα < 250 MeV. We call this relation “BIY
approximate equivalence” in the present paper. As for the µB
direction, we can evaluate the fourth-order term f (4)H,B from
LQCD data on χ(4)B . We have confirmed that the f
(4)
H,B does
not affect Tc(µB) in µB < 250 MeV.
BIY approximate equivalence comes from the property of
Eq. (32). As already mentioned in Sec. II C 1, the approxi-
mate relation f (2)H,B(T ) ≈ f (2)H,Y (T ) in Eq. (32) comes from
the fact that the s-quark contribution is small in the f (2)H,γ(T )
(γ = B, I, Y,BY ). Meanwhile, the relation f (2)H,B(T ) ≈
3f
(2)
H,Y (T )/4 in Eq. (32) is a remnant of the fact that in the
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Fig. 11: Phase diagram in µB–T , µI–T , µY –T planes.
2 flavor system Tc(µB) = Tc(µI) when these are expressed
up to (µα/T )2 (α = B, I) [34].
Next, we consider the flavor dependence of the pseudocrit-
ical temperature of the hadron-quark transition. Figure 12
shows the QCD phase diagram in µf–T planes. The sym-
bol Tc(µf ) denotes the pseudocritical temperature in µf–T
plane. Note that Tc(µu) = Tc(µd) for µu = µd, because of
f
(2)
H,uu(T ) = f
(2)
H,dd(T ) and f
(2)
H,us(T ) = f
(2)
H,ds(T ). We then
draw Tc(µu) and Tc(µs) only in Fig. 12. The transition takes
place at higher T in µs–T plane than in µu–T plane. This may
stem from the fact that ms  mu = md. Further discussion
will be made in Sec. III B.
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Fig. 12: Phase diagram in µu–T and µs–T planes. Note that
Tc(µu) = Tc(µd) µu = µd because of f
(2)
H,uu(T ) = f
(2)
H,dd(T ) and
f
(2)
H,us(T ) = f
(2)
H,ds(T ).
Figure 13 shows the flavor diagonal and off-diagonal sus-
ceptibilities, χ(2)ff ′ , as a function of T in the 2+1 flavor system
with zero chemical potential. The solid line is the result of the
HQC model. The HQC model should reproduce LQCD data
on the χ(2)ff ′ automatically. This is satisfied. Just for compar-
ison, the results of the HRG and IQ models are denoted by
dashed and dotted lines, respectively. As already mentioned
in Sec. II C 1, the IQ model has no contribution for the off-
diagonal susceptibilities. Noting χ(2)ud ≈ 5χ(2)us , one can see
from T dependence of the off-diagonal susceptibilities that
most of hadrons disappear at T = 400 MeV. The hadron-
quark transition thus ends up with T ≈ 400 MeV.
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Fig. 13: T dependence of diagonal and off-diagonal susceptibilities, χ(2)ff ′ , in the 2+1 flavor system with zero chemical potential. The HQC
result is drawn by the solid line. The dotted line stands for the result of the HRG model, the dashed line corresponds to that of the IQ model.
LQCD data are taken from Ref. [27].
B. 2+1+1 flavor system
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Fig. 14: T dependence of s and P in the 2+1+1 flavor system with
zero chemical potential. The solid line is the result of the HQC
model. LQCD data are taken from Ref. [25]. The result of the IQ
(HRG) model is denoted by a dashed (doted) line.
Figure 14 shows s and P as a function of T in the 2+1+1
flavor system with zero chemical potential. Good agreement
is seen between the HQC results (solid line) and LQCD data.
Comparing the HQC results with the HRG and IQ ones, we
can see that the transition region is 170 <˜ T <˜ 400 MeV. Theupper limit of the phase transition can be determined more
clearly with the off-diagonal susceptibilities, as shown below.
Figure 15 shows the flavor diagonal and off-diagonal sus-
ceptibilities, χ(2)ff ′ , as a function of T in the 2+1+1 flavor sys-
tem with zero chemical potential. One can see good agree-
ment between LQCD data and the HQC results for the 2+1
flavor sector, i.e., χ(2)uu , χ
(2)
ud , χ
(2)
ss , χ
(2)
us . This supports the
statement that c quark does not affect the 2+1 flavor subsys-
tem composed of u, d, s quarks, together with the fact that
χ
(2)
uu , χ
(2)
ud , χ
(2)
ss , χ
(2)
us in the 2+1+1 flavor system are close
to the corresponding susceptibilities in the 2+1 flavor system.
Noting χ(2)ud ≈ 5χ(2)us  χ(2)uc , we can consider from T depen-
dence of the off-diagonal susceptibilities that most of hadrons
disappear at T = 400 MeV. Also for the 2+1+1 flavor system,
the hadron-quark transition thus ends up with T ≈ 400 MeV.
Hence, the transition region is 170<˜T <˜ 400 MeV also for the2+1+1 flavor system with zero chemical potential.
The present HQC model neglects µc-dependence in
fH(T, {µα}), but reproduces LQCD data qualitatively for
χ
(2)
cc . As for χ
(2)
uc , both LQCD and the HQC model show the
correlation between u and c quarks is negligible in the transi-
tion region 170<˜ T <˜ 400 MeV.
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Fig. 15: T dependence of flavor diagonal and off-diagonal susceptibilities, χ(2)ff ′ , in the 2+1+1 flavor system with zero chemical potential. The
solid line denotes the HQC result, while the chain line is the HRG result. The dotted line stands for the result of the HRG model, the dashed
line corresponds to that of the IQ model. LQCD (dots) date are taken from Ref [25].
Finally, we discuss the phase diagram in µB–T , µI–T , µY –
T , µYc–T planes. For this purpose, we have evaluated f
(2)
H,cc
from χ(2)cc , but f
(2)
H,cc ≈ f (2)H,ss/100 around T = 200 MeV. This
justifies our assumption that f (2)H,cc is negligible in fH, if we do
not analyze χ(2)cc itself. Here, note that f
(2)
H,cu is even smaller
than f (2)H,cc. Using the assumption f
(2)
H,cu = f
(2)
H,su = f
(2)
H,cc = 0
in fH, we draw the phase diagram in Fig. 16. BIY ap-
proximate equivalence still persists in the 2+1+1 flavor sys-
tem, but the transition line Tc(µYc) in µYc–T plane is slightly
higher than in the other planes. This is because the difference,
f
(2)
H,Yc
−f (2)H,B , has the f (2)H,uu that is rather larger than the others
around T = 200 MeV.
Figure 17 shows the phase diagram in µu–T , µd–T , µs–
T , µc–T planes; here note that Tc(µu) = Tc(µd) when
µu = µd. In this analysis, the transition line in µc–T plane is
Tc(µc) = 207 MeV, because of f
(2)
H,cc(T ) = 0. We can find
that Tc(µu) < Tc(µs) < Tc(µc) when µu = µs = µc. This
result indicates that the hadron-quark transition takes place
at higher T for heavier quark. This is quite reasonable. In
the nonrelativistic limit that is a good approximation for c
quark, the QCD partition function is a function of µc − mc
and thereby the effect of µc is sizably reduced with large mc.
IV. SUMMARY
We reconstructed the hadron-quark crossover (HQC) model
of Ref. [22] by using new LQCD data [25, 27] in the 2+1 fla-
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Fig. 16: Phase diagram in µB–T , µI–T , µY –T , µYc–T planes.
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Fig. 17: Phase diagram in µu–T , µs–T , µs–T planes. Note that
Tc(µu) = Tc(µd) for µu = µd because of f
(2)
H,uu(T ) = f
(2)
H,dd(T )
and f (2)H,us(T ) = f
(2)
H,ds(T ).
vor system, and we drew the phase diagram in the 2+1 and
2+1+1 flavor systems through analyses of the EoS and the sus-
ceptibilities.
The HQC model is defined by Eq. (2) in which sH(T, {µα})
is calculated by the hadron resonance gas (HRG) model valid
in low T and sQ(T, {µα}) is by the independent quark (IQ)
model reasonable in high T , where {µα} = (µB , µI , µY ). As
mentioned above, the present version of the IQ model is rather
reliable, since it explains LQCD data on the EoS in 400<˜T ≤500 MeV for the 2+1system and in 400 <˜ T ≤ 1000 MeVthe 2+1+1system where LQCD data is consistent with NNLO
HTL perturbation [29].
The hadron-production probability fH(T, {µα}) was deter-
mined from LQCD data on s and the susceptibilities χ(2)γ for
γ = B, I, Y,BY in the 2+1 flavor system. Hence, the present
HQC model automatically reproduces LQCD data on the EoS
and the χ(2)ff ′ in the 2+1 flavor system. In particular, the off-
diagonal susceptibilities χ(2)ff ′ (f 6= f ′) are good indicators to
see how hadrons survive as T increases, since the IQ model
hardly contributes to the off-diagonal susceptibilities. In fact,
the off-diagonal susceptibilities show that most of hadrons
disappear above T = 400 MeV. In practice, the upper limit of
the transition region is clearly determined by the off-diagonal
susceptibilities. We then determined, from T dependence of
f
(0)
H (T ) and the off-diagonal susceptibilities, that the transi-
tion region is 170 <˜ T <˜ 400 MeV for the 2+1 flavor systemwith zero chemical potential.
In the present paper, we defined the hadron-quark transition
temperature by fH(T, {µα}) = 1/2. For the 2+1 flavor sys-
tem with zero chemical potential, the transition temperature
is T (fH)c = 207 MeV and somewhat larger than LQCD result
T
(Φ),LQCD
c = 170± 7 MeV. This result T (fH)c = 207 MeV is
common between the 2+1 and 2+1+1 flavor systems, because
f
(0)
H (T ) is the same between the two systems.
As mentioned above, the HQC model well simulates LQCD
data on the EoS and the χ(2)ff ′ in the 2+1 flavor system. We then
drew the phase diagram in µB–T , µI–T , µY –T planes. We
found “BIY approximate equivalence”: Namely, the transi-
tion lines Tc(µα) are almost identical in these planes, when
the µα are less than 250 MeV. The relation Tc(µB) ≈ Tc(µY )
comes from the fact that the s-quark contribution is small in
the f (2)H,γ(T ) for γ = B, I, Y,BY . The relation Tc(µB) ≈
Tc(µI) may be a remnant of the fact that in the 2 flavor system
Tc(µB) = Tc(µI) when these are expressed up to (µB/T )2
and (µI/T )2 [34].
The HQC model was applied to the 2+1+1 flavor system
without changing the fH. The HQC model well reproduces
LQCD data on the EoS and the χ(2)ff ′ for f, f =u, d, s.
This result indicates that transition region at {µα} = 0 is
170 <˜ T <˜ 400 MeV also for the 2+1+1 flavor system, since
between the 2+1 and 2+1+1 flavor systems the f (0)H is the
same and the χ(2)ff ′ for f, f =u, d, s are close to each other.
In addition, T dependence of Φ is almost identical between
the 2+1 and 2+1+1 flavor systems. These results show that c
quark does not affect the 2+1 flavor subsystem composed of
u, d, s quarks. This statement is supported by the fact that
χ
(2)
ud ≈ 5χ(2)us  χ(2)uc in the transition region.
The present HQC model has no µc-dependence in
fH(T, {µα}), but reproduces LQCD data qualitatively for
χ
(2)
cc . As for χ
(2)
uc , both LQCD and the HQC model show the
correlation between u and c quarks is negligible in the transi-
tion region 170<˜ T <˜ 400 MeV.Finally, we plotted the phase diagram both in µB–T , µI–
T , µY –T , µYc–T planes and in µu–T , µd–T , µs–T , µc–T
planes. BIY approximate equivalence still persists in the
2+1+1 flavor system, but the transition line Tc(µYc) in µYc–T
plane is slightly higher than in the other planes. We also found
that Tc(µu) < Tc(µs) < Tc(µc) when µu = µs = µc. This
result indicates that the hadron-quark transition takes place at
higher T for heavier quark. This is quite natural. In the non-
relativistic limit that is a good approximation for c quark, the
QCD partition function is a function of µc −mc, so that the
effect of µc is greatly reduced with large mc.
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